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Potts model

It has been known for more than a hundred years that one can drive a system around the
liquid—gas critical point without any singular changes in the thermodynamic quantities. We
argue that there are weuk singularities in the droplet distribution corresponding to the
disappearance of the surface tension of exponentiaily rare droplets off the cocxistence curve.
In the Coniglio~Klein-Swendsen-Wang droplet description of the Ising model such singu-

larities occur in a natural way.

Kertész completed his Diploma in Physics in
1976 from E6tvos University in Budapest
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Percolation in QCD

o

T, ~ 133 MeV

percolation
W\ ofel. fluxes

percolatioryof
center voytices

T. ~ 270 MeV
e Percolation of electric center fluxes

geometric deconfinement phase transition

e where center-vortices form local clusters

correlate with localized Dirac modes?

Baranka, Berta & Giordano, PRD 111 (2025) 074512
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T aessen Quarks in a Finite Volume

e Why bother?

e consider canonical partition functions:

Z(T,V,N,) =0, for N, #0 mod 3

— Polyakov loop paradox
Kratochvila & de Forcrand, PRD 73 (2006) 114512

¢ follows from Roberge-Weiss symmetry
Roberge & Weiss, NPB 275 (1986) 734

 imaginary chemical potential:  y/7T = i6
fugacity expansion

period 217/3 — Fourier series

= ZN0) = Z(T,V,i0T) = Y e™Ne® Z.(T,V, N)

N,
. . . q .
grand canonical at imaginary y canonical ensembles

— only every 3 Fourier coefficient # 0
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OGN Single Quark in Finite Volume

...we’ve just changed the temporal b.c.’s without changing the spatial ones!

e change spatial b.c.’s to account for Gauss’ law

back up — pure SU(N) gauge theory: (d+1)-dim spacetime
7 (—») L 1 27mé’-E/NZ (E)
ele Nd e
kezd, _
’t Hooft’s electric flux ensembles 't Hooft’s twisted b.c.’s

(mirror charges) (no of center vortices mod N)

dual t
Ze(€) 1 T < > 1
— —{tr(Po(R)PL(Z + €L >
Z.(0) N< (Pa(DPSE+EL)) o
=— —=
é n
LvS, NPB (PS) 228 (2012) 179 L
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¢ fix total # mod. N of center
vortices through planes

Kovacs & Tomboulis, PRL 85 (2000) 704

e implement on lattice

multiply plaquette couplings by

non-trivial center element

Y 7 change link variables

e for Polyakov loops

act as interfaces in spin model
dual to electric fluxes

®
A
CLNt :
T —
y
VX
alNg

f———

universality

HFHF

9 May 2026 | Lorenz von Smekal | p. 6

Ckm



JUSTUS-LIEBIG-

Toncemr  Deconfinement & Universality

e Potts model separatrix
F.Y. Wu, Rev. Mod. Phys. 54 (1982) 235 e QCD without quarks

SU(N,) with 279 order transition:

¢ (d+1) dimensional SU(Nc)
O Ph. de Forcrand & LvS, PRD 66 (2002) 0111504

3 4 5
5 |- O S. Edwards & LvS, PLB 816 (2009) 484
Z Ll FIRST ORDER o N. Strodthoff, S. Edwards & LvS,
S - PoS (Lattice 2010) 288
3

|Sing model 2 P— (o) D SIS G QLIS G GEVED QNS GNP SNED GED

CONTINUOUS

percolation 1 L 1 1

1 2 3 4L 5 6 7 '8
T spatial dimensions d

... critical exponents, critical couplings
and temperatures, universal amplitude

self-dual for all q : petatt VETS ]
ratios, finite-size scaling, interface tension. ..
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Toess™ Center Vortices vs. Electric Fluxes

Fk(x) = F](—)\x)

i'% x o< L/E

Fr(z): Interface free energy in Ising model, 1 frov———ev——resie ,
Wau et al., J. Phys. A: Math. Gen. 32 (1999) 4897
0.8 |
Center vortex:
F,=—1In (Zk(l)/Zk(O)) % 0.6 |
X
= 04
S
0.2 }
1F o — F— — e — — X — —
?-,/
?)ﬁ 1 1
0.8 | ¥ 1 -4 -2
— /
S 06} ¢ 1
N #
~ /
6 04 g’ -
N ?
0.2 + J i
#
/Q
O [t—co—E — —ceo- % rev#@~&wﬁ B
-6 -4 -2 0 2 4 6
z="T.Lt

Electric flux:

Fq =—In (Ze(l)/Ze(O))
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Toess™ Center Vortices vs. Electric Fluxes

Fr(z): Interface free energy in Ising model, 1 ’w#wwfelfwye‘@f;;x\ | | | .
Wu et I NL.._ A. NA_ilL r__ 2A (100N 10N~ a L. (CC) — F](—)\x)
Cente 1 v ey ey ' ' ' ] zoc L/g |
_ s, Fi(z) = Fy(~a) -
(e}
\NS 0.8 + E s
= ! Self-duality in
S 06 ¢ . (2+1)d SU(2)! - ]
1 i 3
@ 0.4 |
08F &
= 02}
S 06} ;5
X 0
‘/_T 0.4 o | |
N -6 -4 -2
0.2 F
0 rosn—o — R —
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Toess™ Center Vortices vs. Electric Fluxes

Fr(z): Interface free energy in Ising model, 1 ’-v*x@;FYe‘%;x\
Wu et I NL.._ A. NA_ilL r__ 2A (100N 10N~ L. (CC) — F](—)\x)
Cent¢  Self-Duality in [ I o Lje
(2+1)d SU(3) F e
08 | Zy(1) i Ze(1)
. Zk<0> E* Zé (O)
0.6 i
1| !
04 = x °
q = 3 Potts model: | 3’j ______________________ '
081 v =5/6=0.833... = 2 4 6
0.2 A
S 06 from SU(3) data: Iy
N v = 0.818(25) 0| « o XX
= 0dr . ' N Be Lit.
: -3 2 1
N Ll . | 2 |815309(11) | 8.1489(31)
4 | 14.7262(9) | 14.717(17)"
O [ — . _ | 6 | 21.357(25) | 21.34(4)*
o N 2 ! ’ ! 8 | 27.84(12) -
z="T.Lt

f [Liddle, Teper 2008] 1 [Engels et al. 1997]
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Electric Fluxes in Full QCD

e form of states:

Kogut & Susskind, PRD 11 (1975) 395

) => (fU)® [pr))

*

set of spatial link variables

e implement Gauss law (physical States):

e transform at single site:

e generated by:

p(Q) [¥) = |9)
*

generates spatial gauge transformations

p) = TL(Q) | [ eipy () :
P ]1,1 ) (.5 () £)(U) =

. T

i ) {f({-' QUG Gy, )
color charges @,j) JH UG8, )

color-electric fluxes

HFHF
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Toiessen Hilbert Space

¢ local Gauss law: R R
Qi = - Z Eli )

jroi in physical states

but charges/fluxes not gauge invariant,
and don’t commute

e restrict to Zs center: A R R R
Q; = 1L;(2) Eizfz,j> - H<i,j>(z) z € {1,82%i,647ﬂi}

gauge invariant and commute

* local center charge and flux: q,e € {0,1,2}

Q7 lg,¢) = 27

q,¢) Ef i la,e) = 2569 |g, e)

e decompose:
H = Dg,eyH{g,e}

9 May 2026 | Lorenz von Smekal | p.12
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T aessen Physical States

¢ local Zz Gauss law:
q; + Ze@m =0 mod 3
jrvi
¢ physical center charge / flux states:

thys — EB{q,e}physH{q,e}

°* mesonic state:

X Ommppm=o lf €<x’y> — 1

. ° i =
]
i ogj = 2
- O—= - - -
~self-intersecting path
creation operator center charge / flux configuration
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T ciessin Physical States

e project onto these sectors:

~ 1 g Az ~ 1 —e 11z
Pla)=5 > =7"0; Pigle) =35 > 2 Ej )

zZEZ3 zZEZ3

e use Z; Gauss law:

HQz [¥) = H E(JZ>

eV ( 1,j)ES*
T be . :
v =—P%_5v to implement charges via fluxes

e define projection operator
flux e through & = 9V 1

Ps(e) = 1 3 i

PASYA

Mack, PLB 78 (1978) 263
Kijowski & Rudolph, J. Math. Phys. 43 (2002) 1796; ibid. 46 (2005) 032303
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Toeesen Transfer Operator

Luscher, Com. Math. Phys. 54 (1977) 283
Borgs & Seiler, Com. Math. Phys. 91 (1983) 329

N ~ Palumbo, NPB 645 (2002) 309
Z(B,p) =Tr <€ﬁ“NqTN4P0) o (2002)
Mitrjushkin, NPB (PS) 119 (2003) 326
4

project on gauge-invariant states
(with Gauss’ law)

Pol) = / Dh o(h) 1)

e partition function:

¢ transfer operator:

T(5(U) @ vr) = [ DU'K@.U') (FU") © o))

o with kernel:

K(U,U") = THU)TLU)S(U, U)oU) Tr(U')

symmetric, Liischer

K(U,U") = S(U,UNTLU)Te(U)Tr(U')

asymmetric, Milad

same PI representation of partition function

hermitian (Wilson fermion) Hamiltonian in time-continuum limit

9 May 2026 | Lorenz von Smekal | p. 15
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T aessen Transfer Operator

e apply center-flux operator:

(B K)(UU) = S(U*, UNTLU ) Ta(U)Tp(U')
* Uz_ { {,Z*U@’j),}

only acts on spatial link variables here,

e EVs of center-flux configurations:

nF _ Ny,Ns 15
H E<2,3>>_ —TI'<|: H E<":]>i| 618:“ T 4PO)

(i,5)€S* (i,j)€S*
single plaquette flip for E?. . _
i) _ / DI —SG<U{z}> —Sp($,3,U,p)
T
— NV s AR j fI|p all temporal plaquettes U, — z* Up
""" 057 A I 7 A with spatial link in S*
""" | R |:|z |:|Z—1
{i,7): forward backward link
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Toneemr  Closed Center Vortex Sheets

e pure gauge theory

remove with variable transform

e heavy-dense limit of QCD

static fermion determinant

e Z3-Fourier transform over
closed center vortex sheets

fix electric flux through S = 0V or net quark number mod. 3 inside

interfaces
<+ —_—

<

TP Secn PHPEYEE

<
Ay e L,
<
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VEEG Quarks in a Finite Volume
e with arbitrary spatial hops v
(anti-)quarks/diquarks can hop in and out of V IT
O quark
O anti-quark

¢ introduce between all time slices
N closed center-vortex sheets

e Z3-Fourier transforms
over N closed center-vortex sheets

— selective static membrane at S = o0V
(only hadrons can pass)

9 May 2026 | Lorenz von Smekal | p. 18
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T aessen Heavy-Dense QCD

e effective Polyakov-loop theory (1 flavor Wilson)

ZefF:/(HdLi J(Li)Q(Li)) 1] (1 +2X\ReL;Lj)
i (4,4)

Fromm, Langelage, Lottini, Philipsen, JHEP 01 (2012) 042
Langelage, Neuman, Philipsen, JHEP 09 (2014) 131

leading order hopping expansion
static fermion determinat ~ site factors

Q(L) = (1+hL +h2L* + h®)* (1 + hL* + R*L + h®)’

where Pietri, Feo, Seiler, Stamatescu, PRD 76 (2007) 114501

9 May 2026 | Lorenz von Smekal | p. 19
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OGN Effective Potts Model

e for QCD at strong coupling

with static fermion determinant

Zof = NZ exp{Z?yReziz;‘} X

{z:€Z3} (1,9)

(H (14 hz + B2z + h?)* (1 + hat + B2z + 53)2>

1

e Roberge-Weiss symmetric
from global Z3 symmetry

Zeg(T,pn = i0T) = Z1:(0) = Z1:(0 + 21/3)

9 May 2026 | Lorenz von Smekal | p. 20
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e flux-tube model representation (dual) Ghanbarpour, LvS, PRD 106 (2022) 054513

Zea(T,pw) = Y exp{-p(H (n,z)—qui)} analogous to:

{n’l}phys
Patel, NPB 243 (1984) 411
here with: string tension Bernard, DeGr_and, DeTar, Gottlieb, Krasnitz,
/ Sugar, Toussain, PRD 49 (1994) 6051
Condella & DeTar, PRD 61(2000) 074023

H(n,1) =Y ollgpl+ > mnis + i)

<17]> ,1:78
fluxes represented by link variables: l(i,j> < {—1, O, 1}

(anti-)quark occupation numbers: Ni.s € {0, Cee 3} and Nis € {O, ceey 3} spin s = {1,|}

e Z3-Gauss’ law: Z Liij) — Z(nm — i) =0 mod 3

(Poisson equation) —
g~ S

flux from volume
around site i gbz = q; mod 3 net-quark number modulo 3

9 May 2026 | Lorenz von Smekal | p.21
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UNIVERSITAT Bond Percolation

GIESSEN

¢ place bonds randomly:

ﬁrwﬁ
%fﬁ
e i)

4. j‘r’m
I 7Lt:r Tl —
s, ?@;@%”P?

T

T
(@p=04

¢ find spanning cluster:
with probability

Ri(p,N) = ¢(A(p—pc)N')

in two dimensions

c=1/2 v=4/3

Rl(p/N)

in three dimensions No1
NZB»
pe = 0.24881182(10)  p~! = 1.1410(15) pe=05 N=64

0.6 0.8 1

Wang, Zhou, Zang et al., PRE 87 (2013) 052107 p
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Toeesen Percolation in QCD

e expectation value:
electric center-flux through link (i, j)

e probability:
of obtaining value e € {0, 1,2} ~ 1 —e / 1z
plegy) = (Pagp(e) =5 D = “(Ef ;)

_1 5 €(i5) <6g% ReTr([z*_l]Up)>
3 z€Z3
e bond probability:

Py =1—pley ;) =0)

2 3 — -5 Relr
= §<1 — cosh (gL;ImTr Up> e 932R T Up>

9 May 2026 | Lorenz von Smekal | p. 23
H F H F CRC-TRan



JUSTUS-LIEBIG-

) JuyERSTAT Bond Probability in QCD

GIESSEN

e strong-coupling limit: pp — 0 < Pc, never have percolation, confinement
1/2, N.=2
e at weak coupling, high T: Dy — Ne -1 ={2/3, N.=3
N Y C
‘ 1, N, — o0
e bond probability in pure SU(3): asymptotically larger than pe

in all cases, percolating electric fluxes
deconfinement

e spanning probability:

1 /. o
Ry(T,pu L) = ) T (P{q,e} eﬂ“NqTMPO)
{qve}eRl

H F " P——- yvay-zuzompeeorenz von smekal | p. 24 CRm
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VERG Percolation in Potts Model

o g-state Potts, Boltzmann factor:

{8 b}) H (e_K(Sb(i,j)’O + (1 - e_K)éb(i,j>,158i,sj) H eh‘s%o

/‘ ‘\ (i,5)

site-bond representation Edwards & Sokal, PRD 38 (1988) 2009

e place bond: b; jy € {0,1} with probability 1 — e™*

between like nearest-neighbor spins s; € {0,1,...q — 1}

e infinite external field: h — oo ~~ bond percolation

with bond probability p =1 — e ¥, K = J/T controlled by temperature

e vanishing external field: h — 0,

if p=p.atT =T, > T. ~ bond percolation in ordered phase below T,

lose at Curie temperature T,

9 May 2026 | Lorenz von Smekal | p. 25
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VERG Percolation in Potts Model

° q'State POttS! 2 dimensions: Blanchard, Gandolfo, Laanait, Ruiz,
Satz, J. Phys. A 41 (2008) 085001

1.5
@ ?/ first order
4 1.3 |
=
=)
T 1.1 | qg=10
QU second order
Kertész line
0.9 |
0.7 | 6b:1/Tb:1n2
h (pc — 1/2)
0.5 .
0 1 2 3 4 5
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Toneemr  Percolation in Flux-Tube Model

e spanning probability:
1

R(T,pu,L) = — > exp{—B(H(n,1)— uq)}

{n,l}eR
/!

set of percolating configs R: contain at least one cluster of bond configurations
spanning the entire volume in at least one direction

Prokof’ev & Svistunov, PRL 87 (2001) 160601
e simulate with worm algorithm Korzec & Vierhaus, 2011, CPC 182 (2011) 1477

Delgado, Evertz, Gattringer, CPC 183 (2012) 1920
Rindlisbacher, Akerlund, de Forcrand, NPB (2016) 542

e measure with fully-dynamic connectivity algorithm

Holm, Lichtenberg, Thorup, J. ACM 48 (2001) 723
Alexandru, Bergner, Schaich, Wenger, PRD 97 (2018) 114503
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Toneemr  Percolation in Flux-Tube Model

¢ infinitely heavy quarks
Z3-Potts (1st order transition)

m — 00, i =

1l — o o ]

: w27 = 0.36708(2) (Potts)

%% (Boa). ~ 1.6264
0.8 F - : ,
3 06t :
S ]
S - ]
= — i
= 04 F ]
0 - 8 e i i . %%m
" L=16 —=— { % 2@ %ﬁ% ]
0.2 - L=20 v s Yo ﬂﬂm E
L=24 —— o, e
L =232 b O, oo
1.615 1.62 1.625 1.63 1.635 1.64
Boa
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Toneemr  Percolation in Flux-Tube Model

¢ infinitely heavy quarks
Z3-Potts (1st order transition)

vvvvvvvvv S e B L ) B B B B B B g

1 :szzzzzzzmmﬁﬁmg\ ;

- I/_]‘ =3
08 [ (Boa). = 1.6264

15t order FSS

S 06 - :
=
S r
3 C
& 04 I g
L L = 16 I — ‘;
02 =20+ ]
L =24 —o— Tig :
L =32 e, |
0FL=40 — ihaaans DV

(BO'CL - (Bo-af)Potts) : L3
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Toneemr  Percolation in Flux-Tube Model

e massless limit
bond percolation (2nd order)

m=0, pu=0
T T T T T I T T
] | s=s=sssssssmsssssass .
=
'QEEEEEEE
s, 9o B
0.8 | s, %0q mn. k
. . . &, eee Beg
solid lines: s, %o, I mg
< — bond lati ‘o
3 - pure bond percolation v 4 %,
! - & e ]
s 06 T
r ¥ Y
i R . .
0.4 L =16 —a— °° Vvv ]
L =20 —o—i ® -
L ¥
:L _— 24 —a— °° VV
i o ® v
02 [L=32 o, LA
L =40 —e— . ®e,
L =52 = %e%
L =064 ———— *aa,
0 A [ L [ I I [l TP PS4 T T T
1.74 1.76 1.78 1.8 1.82 1.84 1.86 1.88 1.9

Boa
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Toneemr  Percolation in Flux-Tube Model

¢ massless limit Wang, Zhou, Zhang et al., PRE 87 (2013) 052107
bond percolation (2nd order)
m=0, pu=0
I s ss e, 1 = 1.1410(15) -
: Ty 2nd order FSS |
0.8 | Pc= 0.24881182(10) ]
-~ (Boa). ~ 1.7981
= :
< 06 F .
s %
2
o % |
L =20 —eo— S ]
L =24 ——=— k| ]
02 FL=32 —~— %, ]
L =40 —o— ‘c‘% ]
L = 52 "Q*
0 L: 641 e [P [ [ [ it TN
—6 —4 —2 0 2 4 6 8
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Toneemr  Percolation in Flux-Tube Model

e fairly light quarks
smooth Z3-Potts crossover

0.9 -
0.8 £
3 07
3
< 0.6 ¢
E/ L =16 —ea— %
05 FL =20 —e— e E
L =24 s .
04 [ L=32—+— s E
L:40|—e—| II:
- L =52 =
0.3 L — 64— .
;L: ——
02 180 “““ [ [ [ [ [
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Toneemr  Percolation in Flux-Tube Model

e fairly light quarks
smooth Z3-Potts crossover

| e, . T AR AR -

: v—1 =1.1410(15)
0.95 | a2 E
0.9 b p. = 0.24881182(10)  “#& :
; \.1,3 2 E
0.85 [ ~ (Boa). ~ 1.7981 Yy
308 ‘g‘%&
& %
E k3 E
07 | L=20 —e— 5 f
065 L=32 5

L =52

0.6 7 g1 g
055 L:801 “““““ [ [ [ [ [ [
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Toneemr  Percolation in Flux-Tube Model

e medium heavy quarks
still in Z3-Potts crossover region

m =40a/3
1 B ™ T T A A I IR T T T ]
é gg é égéaamgﬁ“ﬁi ]
0.98 SIE%’Q“SQIQ” .
.ggggei"ﬁ"'ﬁ!ﬁaaﬁ
: o ]
0.96 i HE, ;| e §§§:$.y,,,
g 1 ii 32 ]
0.94 ; %z% g5
S 092 t %E f
S i %}
o) I = it E
= 09 L=16 —=— %
0.88 ;L =24 —a— I E
L=32 : ﬁ%
0.86 L =40 —e— O
L =52 f
0.84 L =064 —— :
082 S [ [ [ [ [ [ [ E
1.772 1.774 1.776 1.778 1.78 1.782 1.784 1.786 1.788

Boa
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Toneemr  Percolation in Flux-Tube Model

e medium heavy quarks
still in Z3-Potts crossover region
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¢ universal scaling function

combine m = {0, 0a/6, 40a/3}
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oiessen Summary

e Quarks and triality in a finite volume

from FTs over stacks of closed center vortex sheets

¢ Proof in two ways:
[see Ghanbarpour & LvS, PRD 106 (2022) 054513]

1. dualization of quark action

Gattringer & Marchis, NPB 916 (2017) 627
Marchis & Gattringer, PRD 97 (2018) 034508

2. transfer matrix approach

Luscher, Com. Math. Phys. 54 (1977) 283, Borgs & Seiler, Com. Math. Phys. 91 (1983) 329
Palumbo, NPB 645 (2002) 309, Mitrjushkin, NPB (PS) 119 (2003) 326

e |[llustration: heavy-dense QCD AF/m

effective theory dual to flux-tube model
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Summary & Outlook

T UNIVERSITAT
GIESSEN

Ty

e Percolation of electric fluxes in effective theory

geometric deconfinement phase transition
at strong coupling with static fermion determinant

e Percolation of electric fluxes in QCD

Kertész line _,
percolation

]
1
1
]
]

’
4

,
£4

/no percolation
T

oo Iy =133 MeV
' 1
h~l/ I Te
~ mq 1
2 Kertész line Potts model
\““‘-‘ percolation
expect: geometric deconfinement phase transition
) have: gauge invariant definition of fluxes
and spanning probability
0 T
T. ~ 270 MeV

Thank you for your attention!
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