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It has been known for more than a hundred years that one can drive a system around the 

!iquid-gas critical point without any singular changes in the thermodynamic quantities. We 

argue that there are weak singularities in the droplet distribution corresponding to the 

disappearance of the surface tension of exponentially rare droplets off the coexistence curve. 

In the Coniglio-Klein-Swendsen-Wang droplet description of the Ising model such singu- 

larities occur in a natural way. 

Phases separated by a line of first order transitions can be connected without 

thermodynamic singularities when using paths around the critical endpoint. 

This was discovered first experimentally by Andrews in 1869 and explained by 

the Van der Waals theory of liquid and gaseous states (1873). The theorem by 

Lee and Yang [1] provided then the rigorous theoretical basis. In this note we 

would like to argue that the assumptions of nucleation theory imply the 

existence of weak singularities in the droplet distribution along the above- 

mentioned paths which enable - in principle - to distinguish between the differ- 

ent phases off the coexistence curve. However, we emphasize that the sugges- 

ted picture is not in contradiction with the nonexistence of singularities in the 

thermodynamic quantities because the total free energy remains analytic. 

The basic assumption in nucleation theory relates the number n, of droplets 

of size s to a bulk and a surface term in the droplet free energy [2]. 

log n, --- - h s  - 1"s ~ ' ~ ( I ", 
• , ] 

up to smaller order corrections on the right-hand side• The first term represents 

tl'm bulk contribution and the second one comes from the surface tension which 
1 O "  is proportional to F. (For simplicity we use the !sing magnetic mne, uage: 

: On lea'~e from tnstitu~.c for 'Fcchnical Pk)sic.,., H-1325 Bud;tncst. Hungary. 

';-U8-4371/89,;$i!3.5¢). © Elsevier Science Publishers E.V. 

(North-Ht~ha,m ; ' - "  • • ' I a,,slc- Pubhshing Db,'ision) 
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Potts-Model Phase Diagram
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Percolation in QCD
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h ∼ 1/mq
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≈ 270 MeV

geometric deconfinement phase transition

• Percolation of electric center fluxes
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Tχ
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≈ 133 MeV

percolation 
of el. fluxes

? Kertész line

• where center-vortices form local clusters

percolation of 
center vortices

correlate with localized Dirac modes?

Baranka, Berta & Giordano, PRD 111 (2025) 074512
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Quarks in a Finite Volume
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• Why bother?

• consider canonical partition functions:

<latexit sha1_base64="HuRISDhtQ1A2BjcVA/kxNKQnvuI="></latexit>

Zc(T, V,Nq) = 0 , for Nq 6= 0 mod 3

Kratochvila & de Forcrand, PRD 73 (2006) 114512

➞ Polyakov loop paradox 

• imaginary chemical potential:
<latexit sha1_base64="YEUYFzxPq6Q5HSPy0/l7x3uSSFg="></latexit>

µ/T = iθ

grand canonical at imaginary µ

<latexit sha1_base64="GVkVz8UhpgOlkSHstzoP61nU9WA="></latexit>

ZI(θ) ≡ Z(T, V, iθT ) =
X

Nq

eiNqθ Zc(T, V,Nq)

canonical ensembles

fugacity expansion

➞ Fourier series

• follows from Roberge-Weiss symmetry

Roberge & Weiss, NPB 275 (1986) 734

➞ only every 3rd Fourier coefficient ≠ 0

period 2π/3
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Single Quark in Finite Volume
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• change spatial b.c.’s to account for Gauss’ law

…we’ve just changed the temporal b.c.’s without changing the spatial ones!

back up — pure SU(N) gauge theory: (d+1)-dim spacetime 

<latexit sha1_base64="nynxpJtuWOP48/0vjiopFRDrb50="></latexit>
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’t Hooft’s twisted b.c.’s

(no of center vortices mod N)
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’t Hooft’s electric flux ensembles

dual 
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LvS, NPB (PS) 228 (2012) 179 L

<latexit sha1_base64="DJssJ6ifTshujqDT5UbpsDQjDc4="></latexit>
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’t Hooft’s Twisted B.C.’s
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• fix total # mod. N of center 
   vortices through planes

• implement on lattice
multiply plaquette couplings by 
non-trivial center element

x

y change link variables

<latexit sha1_base64="JJRM52wCoebky0EIrHLIIZULzIo="></latexit>

τ
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τ
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x

• for Polyakov loops
act as interfaces in spin model 
dual to electric fluxes

Kovacs & Tomboulis, PRL 85 (2000) 704
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Deconfinement & Universality
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• Potts model separatrix  

F.Y. Wu, Rev. Mod. Phys. 54 (1982) 235

spatial dimensions d

3      4      5

(d+1) dimensional SU(Nc)

q
, 
N

c

percolation

Ising model

QCD without quarks

. . . critical exponents, critical couplings

and temperatures, universal amplitude

ratios, finite-size scaling, interface tension. . .
self-dual for all q

SU(Nc) with 2nd
order transition:

Ph. de Forcrand & LvS, PRD 66 (2002) 0111504

S. Edwards & LvS, PLB 816 (2009) 484

N. Strodthoff, S. Edwards & LvS,  
PoS (Lattice 2010) 288
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Center Vortices vs. Electric Fluxes
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Center Vortices vs. Electric Fluxes
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Center Vortices vs. Electric Fluxes
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Self-Duality in
(2+1)d SU(3)

Zk(1)

Zk(0)

Ze(1)

Ze(0)

q = 3 Potts model:

ν = 5/6 = 0.833...

from SU(3) data:

ν = 0.818(25)

Fq = − ln
�

Ze(1)/Ze(0)
�

Nt βc Lit.

2 8.15309(11) 8.1489(31)†

4 14.7262(9) 14.717(17)†

6 21.357(25) 21.34(4) ‡

8 27.84(12) -
†

[Liddle, Teper 2008]
‡

[Engels et al. 1997]
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Electric Fluxes in Full QCD
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|ψi =
X

�

f(U)⌦ |ψF i
�

• form of states:

set of spatial link variables 

• implement Gauss law (physical States):
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ρ̂(Ω) |ψi = |ψi

generates spatial gauge transformations 

• generated by:
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Q̂a

i
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Ê
a
hi,jicolor charges 

color-electric fluxes 
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f({. . . ,Ω†Uhi,ji, . . . })
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f({. . . , Uhj,iiΩ, . . . })

• transform at single site:
<latexit sha1_base64="VgG2oMZsTFoDt/IrSU2tfOoqoQ4="></latexit>

ρ̂(Ω) → Π̂i(Ω)
Y

j⇠i

Π̂hi,ji(Ω) <latexit sha1_base64="jfhbRfQeUPGDG4i7cdVzqRZobJk="></latexit>
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Π̂hi,ji(Ω) f
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{

Kogut & Susskind, PRD 11 (1975) 395
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Hilbert Space
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• local Gauss law: <latexit sha1_base64="pm7hDmi9ScO8xptpgVJelS8y2Ks="></latexit>

Q̂a
i = −

X

j⇠i

Êe
hi,ji

in physical states 

but charges/fluxes not gauge invariant,  
and don’t commute

gauge invariant and commute

• restrict to Z3 center:
<latexit sha1_base64="GK0am+pkjcTefZIW9mlO++Im37w="></latexit>

Q̂z

i
= Π̂i(z)
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Ê
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hi,ji = Π̂hi,ji(z)
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z ∈ {1, e
2π

3
i
, e

4π

3
i}

• decompose:
<latexit sha1_base64="7gvM7fZur5Z5/CO4ML6Y30NmM/k="></latexit>

H = ⊕{q,e}H{q,e}

• local center charge and flux:

<latexit sha1_base64="7gwjDz/8QO1sW42XANvQBqHjaJc="></latexit>

Q̂z
i |q, ei = zqi |q, ei

<latexit sha1_base64="QE4j/ZgUbYHijKRAP1w0mgFHyBU="></latexit>

Êz
hi,ji |q, ei = zehi,ji |q, ei
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q, e ∈ {0, 1, 2}
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Physical States
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• local Z3 Gauss law:
<latexit sha1_base64="ParrO7/M6Jpwln7TclGftPfprj8="></latexit>

qi +
X

j⇠i

ehi,ji = 0 mod 3

• physical center charge / flux states:

<latexit sha1_base64="0b2u/iU8rK7UtuT4qKy8fc8ZRZQ="></latexit>

Hphys = ⊕{q,e}phys
H{q,e}

x y Uhx,yi

(ξ̂σ
q)

†
i

(ξ̂γ
q )

†
j

x y ehx,yi = 1

qi = 1

qj = 2

self-intersecting path

• mesonic state:

creation operator center charge / flux configuration
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Physical States
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P̂i(q) =
1

3

X

z∈Z3

z−q Q̂z
i
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P̂hi,ji(e) =
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3

X

z2Z3

z
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Ê
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• project onto these sectors:

• use Z3 Gauss law:

to implement charges via fluxes

<latexit sha1_base64="h+wdz2miRWFciKM8zYKaOZ5IXx0="></latexit> Y

i2V

Q̂z
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| {z }

=Q̂z

V

|ψi =
Y
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Êz
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| {z }

=�Φ̂
z

S=∂V

|ψi

Mack, PLB 78 (1978) 263

Kijowski & Rudolph, J. Math. Phys. 43 (2002) 1796; ibid. 46 (2005) 032303
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P̂S(e) =
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3

X

z∈Z3

z
−e

Φ̂
z

S

• define projection operator
flux e through

<latexit sha1_base64="hXC9ZemDU6QUqamvQx9+WMuwZD8="></latexit>

S = ∂V
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Transfer Operator
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• partition function:
Borgs & Seiler, Com. Math. Phys. 91 (1983) 329

Lüscher, Com. Math. Phys. 54 (1977) 283

Mitrjushkin, NPB (PS) 119 (2003) 326

Palumbo, NPB 645 (2002) 309
<latexit sha1_base64="OjHaG2+buteyJPKU909CCTIU8WI="></latexit>

Z(β, µ) = Tr
⇣

eβµN̂q T̂N4 P̂0

⌘

• transfer operator:
<latexit sha1_base64="EZ+OX7caLJLoIUQJQtkCymOote0="></latexit>

T̂
�

f(U)⌦ |ψF i
�

=

Z

DU 0 K(U,U 0)
�

f(U 0)⌦ |ψF i
�

• with kernel:
<latexit sha1_base64="srIDNm0vScSKS1MuVSAErEyMzeg="></latexit>

K(U,U 0) = T
†
F
(U)T †

G
(U)S(U,U 0)TG(U

0)TF (U
0)

symmetric, Lüscher

<latexit sha1_base64="xXsChQ01E70rqPQsMQ3N1I2lJwU="></latexit>

K(U,U 0) = S(U,U 0)T †
G
(U 0)TG(U

0)T̃F (U
0) asymmetric, Milad

same PI representation of partition function

hermitian (Wilson fermion) Hamiltonian in time-continuum limit

<latexit sha1_base64="6bJ+Lv3LADyRM1D8pvV8ETw3Txw="></latexit>

P̂0 | i =

Z
Dh %̂(h) | i

project on gauge-invariant states 
(with Gauss’ law)
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Transfer Operator
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• apply center-flux operator:

<latexit sha1_base64="8Ay/7soSacrZlRgmtto7Sv/5Aw0="></latexit>

�

Êz
hi,jiK

�

(U,U 0) = S(Uz, U 0)T †
G(U

0)TG(U
0)T̃F (U

0)

only acts on spatial link variables here,

<latexit sha1_base64="TDrquM/tUcSHTv6l3U0tFmqFYiM="></latexit>

{
<latexit sha1_base64="QRT4U+K5XmF77liVTkCnSV7dvtQ="></latexit>

{. . . , z⇤Uhi,ji, . . . }
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U
z

=

• EVs of center-flux configurations:

<latexit sha1_base64="0TTL4HMxEDmqoM1BFubY3AZkElk="></latexit>

D

Y

hi,ji2S∗

Ê
z
hi,ji

E

=

<latexit sha1_base64="ZQql2heTHSXM8zM95/iiuvuBblQ="></latexit>

1

Z
Tr

✓

h

Y

hi,ji2S∗

Ê
z
hi,ji

i

e
βµN̂q T̂

N4 P̂0

◆

hi, ji hi, ji
τ = 0

z z�1

τ

<latexit sha1_base64="gEqMuHBdJwMBjlBWpKV1NBlxQXQ="></latexit>

=

Z
D[. . .] e−Sz

G
(U,{z})

e
−SF (ψ,ψ,U,µ)

flip all temporal plaquettes 

with spatial link in
<latexit sha1_base64="PEBnlFS62OKPP1OhUAGZY7AALUk="></latexit>

S
∗

single plaquette flip for

<latexit sha1_base64="8kPhaAeLUonvjfsfQQtrOPZEQUM="></latexit>

hi, ji

<latexit sha1_base64="2rqwwON/+yq2VLumHteLppzRvr8="></latexit>

⌦

Ê
z
hi,ji

↵

:  forward backward link

<latexit sha1_base64="utsRyR4xp9tiIDBfThaFVVjDLgo="></latexit>

Up → z
∗

Up
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• pure gauge theory
remove with variable transform

τ

V

V

• heavy-dense limit of QCD
static fermion determinant

<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = ∂V

S
h
v
,
v
+
ν̂
i

VV V

S
hu

,
u
�
ν̂
i

interfaces

• Z3-Fourier transform over 
  closed center vortex sheets

fix electric flux through or net quark number mod. 3 inside



9 May 2026  |  Lorenz von Smekal  |  p.

Quarks in a Finite Volume

18

• with arbitrary spatial hops V V V V

τ

quark

anti-quark

(anti-)quarks/diquarks can hop in and out of V

<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

Nτ

• introduce between all time slices

τ

V

e
+

2π

3
i

e
−

2π

3
i

closed center-vortex sheets

• Z3-Fourier transforms
<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

Nτ closed center-vortex sheetsover

➞ selective static membrane at 
<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = ∂V

(only hadrons can pass)
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• effective Polyakov-loop theory  

<latexit sha1_base64="aWzEPBfIoA4bewyCYOf9yUhlZdo="></latexit>

Zeff =

Z

⇣

Y

i

dLi J(Li)Q(Li)
⌘

Y

hi,ji

�

1 + 2λReLiL
⇤
j

�

(1 flavor Wilson)

Fromm, Langelage, Lottini, Philipsen, JHEP 01 (2012) 042 
Langelage, Neuman, Philipsen, JHEP 09 (2014) 131

leading order hopping expansion

static fermion determinat ↝ site factors

<latexit sha1_base64="NlrYZPzHfgcJBS7FrV0B3oKZ6/g="></latexit>

Q(L) =
�

1 + hL+ h2L∗ + h3
�2�

1 + h̄L∗ + h̄2L+ h̄3
�2

<latexit sha1_base64="GWyoOc2+K2badD5fZDTQPZM4bR4="></latexit>

h(µ) = e(µ−m)/T

<latexit sha1_base64="QmhgNYfD74LTAPLzTGOmOFS5ZtE="></latexit>

h̄(µ) = h(−µ)

where Pietri, Feo, Seiler, Stamatescu, PRD 76 (2007) 114501
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• for QCD at strong coupling

with static fermion determinant

from global Z3 symmetry

• Roberge-Weiss symmetric

<latexit sha1_base64="lW6EBBQUAcFBQ+CBxmjwL8k9x5M="></latexit>

Zeff(T, µ = iθT ) ≡ ZI

eff
(θ) = ZI

eff
(θ + 2π/3)

<latexit sha1_base64="QGSzZ/jSzob1K1MXKc6T1Jxr5rI="></latexit>

Zeff =

<latexit sha1_base64="Ukr5BjT8OS/fC5yUMqib2L/b3LU="></latexit>

=N
X

{zi2Z3}

exp

n

X

hi,ji

2γ Re ziz
⇤
j

o

×

<latexit sha1_base64="QGSzZ/jSzob1K1MXKc6T1Jxr5rI="></latexit>

X

{ 2 }

Y

h i

� �

⇣

Y

i

�

1 + hzi + h
2
z
⇤
i + h

3
�2 �

1 + h̄z
⇤
i + h̄

2
zi + h̄

3
�2
⌘

<latexit sha1_base64="6Tc3vzvkcnjN1KyZgV7sKZDDQD8="></latexit>

γ =
1

3
ln

✓

1 + 2λ

1− λ

◆

with
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• flux-tube model representation (dual)

<latexit sha1_base64="uaB9aAIXjfpUEkwmW5StUGsDGWE="></latexit>

Zeff(T, µ) =
X

{n,l}phys

exp
n

− β
⇣

H(n, l)− µ
X

i

qi

⌘o

analogous to:

Patel, NPB 243 (1984) 411

Bernard, DeGrand, DeTar, Gottlieb, Krasnitz, 
Sugar, Toussain, PRD 49 (1994) 6051

Condella & DeTar, PRD 61(2000) 074023

<latexit sha1_base64="8M2Q/zFGB+vieFuA/ddWuwu5Vww="></latexit>

lhi,ji ∈ {−1, 0, 1}fluxes represented by link variables:

<latexit sha1_base64="F7DRJiYxHXQfZliYuOlgH748lU4="></latexit>

H(n, l) =
X

hi,ji

σ|lhi,ji|+
X

i,s

m(ni,s + n̄i,s)

here with:
string tension

<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= q

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>

| {z }

<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

(anti-)quark occupation numbers:

<latexit sha1_base64="g11awKR2OQi97jf5RWpFyGW+DLU="></latexit>

ni,s ∈ {0, . . . , 3} and n̄i,s ∈ {0, . . . , 3} spin s = {↑,↓}

net-quark number modulo 3
<latexit sha1_base64="7v/4Su315Zc6dNrMx44rzhubvsk="></latexit>

φi

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>

| {z }

flux from volume 
around site i

• Z3-Gauss’ law:
<latexit sha1_base64="y91ShgwqA4pS4GhOaCJi/w9YSaQ="></latexit>X

j⇠i

lhi,ji −

X

s

(ni,s − n̄i,s) = 0 mod 3
(Poisson equation)

Ghanbarpour, LvS, PRD 106 (2022) 054513
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(a) p = 0.4 (b) p = pc = 0.5 (c) p = 0.6

• place bonds randomly:

<latexit sha1_base64="OWIe8dLpDl/l9UUnDLI19EhlGpE="></latexit>

ν = 4/3
<latexit sha1_base64="tf8iOP7OxMyyDeKbL/G1+FcCoNo="></latexit>

pc = 1/2

in two dimensions

in three dimensions

<latexit sha1_base64="Wp46QWhGYNrBpRJs4EsFE57SkOQ="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="wi7+TBLtreyGyv0+0ma41X04HNY="></latexit>

ν
−1 = 1.1410(15)

Wang, Zhou, Zang et al., PRE 87 (2013) 052107

• find spanning cluster:

<latexit sha1_base64="cs90NAxUfdE2Vec2/welP6id6Jw="></latexit>

R1(p,N) = φ
�

A (p− pc)N
1/ν

�

with probability

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

pc = 0.5

N = 8
N = 16
N = 24
N = 32
N = 64

R
1
(p

,
N
)

p

spanning probability
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<latexit sha1_base64="xNZZ+TF/eOYdpVx0oxIgCt+gSXY="></latexit>

⌦

Ê
z
hi,ji

↵

=

<latexit sha1_base64="95UXIbwfIUjKt5x52lm1k6FWjA0="></latexit>

1

Z
Tr

⇣

Ê
z
hi,ji e

βµN̂q T̂
N4 P̂0

⌘

• expectation value:

electric center-flux through link
<latexit sha1_base64="ehG0YhlwoK5Kb9+kOl0LJbY5n5M="></latexit>

hi, ji

<latexit sha1_base64="vMgEfw6rkrFowZTyOUcH6y+o7Vg="></latexit>

p(ehi,ji) =

<latexit sha1_base64="6lbdCjDVLB3OFUzfw1wtSl/MZCE="></latexit>

⌦

P̂hi,ji(e)
↵

=
1

3

X

z2Z3

z
�e

⌦

Ê
z
hi,ji

↵

• probability:

of obtaining value
<latexit sha1_base64="oFPywv8HzWAI9pizUV3wiY+WoUM="></latexit>

e ∈ {0, 1, 2}

<latexit sha1_base64="BDhvRAaLQx0YL0HUlwJP1ych3CM="></latexit>

=
1

3

X

z∈Z3

z
−ehi,ji

D

e

2

g2
ReTr

�

[z⇤
−1]Up

�

E

• bond probability:
<latexit sha1_base64="/2lGq7f0dangIi7Re405JTpDV+4="></latexit>

pb = 1− p(ehi,ji = 0)

<latexit sha1_base64="7TsluM9OihLHYHtPEQ/u4VJ+CYg="></latexit>

=
2

3

D

1− cosh

✓
√

3

g2
ImTrUp

◆

e
−

3

g2
ReTrUp

E
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• strong-coupling limit:
<latexit sha1_base64="zJp7qqmSY/OgenOTMXTe8o6/pT8="></latexit>

pb → 0

• at weak coupling, high T:
<latexit sha1_base64="FK6ZcULWhsdxVJIBP8V/uJwPbBI="></latexit>

pb →
Nc − 1

Nc

<latexit sha1_base64="JDY3SjBrg/CyDDlUsFM8dw0GbPA="></latexit>

=











1/2 , Nc = 2

2/3 , Nc = 3

1 , Nc → ∞

, never have percolation, confinement
<latexit sha1_base64="0bKkrt0R4TdvZcz9GcI4IuXJjBw="></latexit>

< pc

<latexit sha1_base64="CJtXRAOgL+Eg20VPoUOfLibZFMc="></latexit>

pcasymptotically larger than

in all cases, percolating electric fluxes

deconfinement

• bond probability in pure SU(3):

<latexit sha1_base64="kDZXjnAfjhjBT/E8JMF5iNIRapc="></latexit>

R1(T, µ, L) =
X

{q,e}∈R1

1

Z
Tr

⇣

P̂{q,e} e
βµN̂q T̂N4 P̂0

⌘

• spanning probability:
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• q-state Potts, Boltzmann factor:

site-bond representation Edwards & Sokal, PRD 38 (1988) 2009

• place bond:
<latexit sha1_base64="7P0Wi1Wx/FDtf4lMcQ1/HeLPbvI="></latexit>

bhi,ji ∈ {0,1} with probability 1− e�K

<latexit sha1_base64="SyrobhjABTViyVeu7oW6kY4uib0="></latexit>

between like nearest-neighbor spins si ∈ {0,1, . . . q − 1}

• infinite external field:
<latexit sha1_base64="V3+CkMAPS591/5oQ5fLBkPNRvHQ="></latexit>

with bond probability p = 1− e−K , K = J/T controlled by temperature

<latexit sha1_base64="kW+sLiZkqrgOc3vtwtB6w9616NY="></latexit>

h → ∞    bond percolation

• vanishing external field:
<latexit sha1_base64="6rVYX3eG1cjB8c0sj6DHr5gkUNM="></latexit>

h → 0,

<latexit sha1_base64="6zdEQF4dRgwsCwpBIZtKXMlB0rY="></latexit>

if p = pc at T = Tb > Tc    bond percolation in ordered phase below Tc

<latexit sha1_base64="GcpKwj8NYLZ3LEi64vGFU0n3z6s="></latexit>

lose at Curie temperature Tc

<latexit sha1_base64="OfHBerGPpYNPhv0AB4MX1520+QY="></latexit>

ω({s, b}) =
Y

hi,ji

�

e�K
δbhi,ji,0 + (1− e�K)δbhi,ji,1δsi,sj

�

Y

i

ehδsi,0



9 May 2026  |  Lorenz von Smekal  |  p.

Percolation in Potts Model

26

• q-state Potts, 2 dimensions: Blanchard, Gandolfo, Laanait, Ruiz, 
Satz, J. Phys. A 41 (2008) 085001

 0.5

 0.7

 0.9

 1.1

 1.3

 1.5

 0  1  2  3  4  5

h

β

q = 10

5

4

2

<latexit sha1_base64="WrftV8Aojt+KV2n3T4ylY9WOFnQ="></latexit> β
c
=

ln
(1

+
√

q
)

first order

second order

Kertész line

<latexit sha1_base64="86/oGKaU7mmgyaNRenPPMESy5Ko="></latexit>

βb = 1/Tb = ln 2
<latexit sha1_base64="VzCTmn84uY+QBAUV1aFyC5RicOw="></latexit>

(pc = 1/2)
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• simulate with worm algorithm
Prokof’ev & Svistunov, PRL 87 (2001) 160601

Korzec & Vierhaus, 2011, CPC 182 (2011) 1477

Rindlisbacher, Akerlund, de Forcrand, NPB (2016) 542

Delgado, Evertz, Gattringer, CPC 183 (2012) 1920

• measure with fully-dynamic connectivity algorithm

Holm, Lichtenberg, Thorup, J. ACM 48 (2001) 723 

Alexandru, Bergner, Schaich, Wenger, PRD 97 (2018) 114503

• spanning probability:

<latexit sha1_base64="3zBRcC+qRTFIzHIVKAEgdl/Msek="></latexit>

R(T, µ, L) =
1

Zflux

X

{n,l}∈R

exp
�

− β
�

H(n, l)− µq
� 

<latexit sha1_base64="QPu6ItHNYNe8NeZpaJ8py4VGfrs="></latexit>

set of percolating configs R:
<latexit sha1_base64="RXZUnlSXkQ9/pT7PTuJAr6Ab+uE="></latexit>

contain at least one cluster of bond configurations

spanning the entire volume in at least one direction
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• infinitely heavy quarks

Z3-Potts (1st order transition)

0

0.2

0.4

0.6

0.8

1

1.615 1.62 1.625 1.63 1.635 1.64

2γc = 0.36708(2) (Potts)

R
(β

σ
a
,
L
)

βσa

L = 8
L = 10
L = 16
L = 20
L = 24
L = 32
L = 40

<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m → ∞, µ = 0

<latexit sha1_base64="QDspCP5rQuDz+5DhCProI8Mc8Pg="></latexit>

(βσa)c ≈ 1.6264
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• infinitely heavy quarks

Z3-Potts (1st order transition)
<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m → ∞, µ = 0

0
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R
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σ
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L
)

(βσa− (βσa)Potts) · L
3
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L = 24
L = 32
L = 40

<latexit sha1_base64="xLl2K6H/lbajhQv3eTxzuiLkC34="></latexit>

ν
−1

= 3

<latexit sha1_base64="EHuv9f2hxxbfo94sKKhGqz3zAy0="></latexit>

1
st order FSS

<latexit sha1_base64="QDspCP5rQuDz+5DhCProI8Mc8Pg="></latexit>

(βσa)c ≈ 1.6264
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• massless limit

bond percolation (2nd order)
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R
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<latexit sha1_base64="fDSdG4RsXo8cvWmkyp1GibiynDE="></latexit>

m = 0, µ = 0

<latexit sha1_base64="ZvQL+kObwV378pz1pfVlo71BSXk="></latexit>

solid lines:

pure bond percolation
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• massless limit

bond percolation (2nd order)
<latexit sha1_base64="fDSdG4RsXo8cvWmkyp1GibiynDE="></latexit>

m = 0, µ = 0

0
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R
(β

σ
a
,
L
)

(βσa− (βσa)c) · L
1/ν
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L = 40
L = 52
L = 64

<latexit sha1_base64="MoBQj4u6D1iqeIQO3iGWA69/mjA="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="BlIk5dZQ5QDsNo8h2X9K6rIm+Rg="></latexit>

   (βσa)c ≈ 1.7981

Wang, Zhou, Zhang et al., PRE 87 (2013) 052107

<latexit sha1_base64="TKSIfW9+SFjq51FFAfbp1+k9hBQ="></latexit>

ν
−1 = 1.1410(15)

<latexit sha1_base64="IkrAHQrgZsY/jFsRDZRWqHDWDL4="></latexit>

2
nd order FSS
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• fairly light quarks

smooth Z3-Potts crossover
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<latexit sha1_base64="4VJM0ES4/PYBPOXHWKk3ieijt7A="></latexit>

m = σa/6
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• fairly light quarks

smooth Z3-Potts crossover
<latexit sha1_base64="4VJM0ES4/PYBPOXHWKk3ieijt7A="></latexit>

m = σa/6
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<latexit sha1_base64="TKSIfW9+SFjq51FFAfbp1+k9hBQ="></latexit>

ν
−1 = 1.1410(15)

<latexit sha1_base64="MoBQj4u6D1iqeIQO3iGWA69/mjA="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="BlIk5dZQ5QDsNo8h2X9K6rIm+Rg="></latexit>

   (βσa)c ≈ 1.7981
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• medium heavy quarks

still in Z3-Potts crossover region
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<latexit sha1_base64="B0wkS4XHWDPXpf1Ul4oj+1pZQ04="></latexit>

m = 4σa/3
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• medium heavy quarks

still in Z3-Potts crossover region
<latexit sha1_base64="B0wkS4XHWDPXpf1Ul4oj+1pZQ04="></latexit>

m = 4σa/3
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<latexit sha1_base64="TKSIfW9+SFjq51FFAfbp1+k9hBQ="></latexit>

ν
−1 = 1.1410(15)

<latexit sha1_base64="ZWrKtjXRP1eqph2ger9uKLxhDAE="></latexit>

(βσa)c ≈ 1.776
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A · (βσa− (βσa)c) · L
1/ν

σa/m → ∞

σa/m = 6
σa/m = 3/4

• universal scaling function
<latexit sha1_base64="sY6M0YqJAjqR9AECH0n4d1Wc9Xc="></latexit>

combine m = {0, σa/6, 4σa/3}
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from FTs over stacks of closed center vortex sheets 

• Quarks and triality in a finite volume

V

V

• Proof in two ways:

1.  dualization of quark action

Gattringer & Marchis, NPB 916 (2017) 627

Marchis & Gattringer, PRD 97 (2018) 034508

2.  transfer matrix approach

Borgs & Seiler, Com. Math. Phys. 91 (1983) 329Lüscher, Com. Math. Phys. 54 (1977) 283,

Mitrjushkin, NPB (PS) 119 (2003) 326Palumbo, NPB 645 (2002) 309,

• Illustration: heavy-dense QCD

effective theory dual to flux-tube model

[see Ghanbarpour & LvS, PRD 106 (2022) 054513]
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• Percolation of electric fluxes in effective theory

geometric deconfinement phase transition 
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• Percolation of electric fluxes in QCD

expect: geometric deconfinement phase transition

have: gauge invariant definition of fluxes 
           and spanning probability

Thank you for your attention!
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