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The Columbia plot in the continuum
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Tpc = 156(3)MeV

[HotQCD PRD 22]

Universality class(es)?

[HotQCD PRL 19]

[Cuteri, O.P., Sciarra JHEP 21]

HISQ, crossover 
down to 

[Zhang et al., PoS LAT22, 23]Crossover for DW fermions, Nf=3,  
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U(3)L × U(3)R

chiral limit:   [G. Fejos,  PRD 22]
[S. R. Kousvos,  A. Stergiou SciPost 23]
[J. Bernhardt, C. S. Fischer PRD 23]
[R. D. Pisarski, F. Rennecke PRL 24]
[G. Fejos, T. Hatsuda PRD 24]

Consistent with:
fRG, DSE, bootstrap…
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mπ ≈ 50 MeV
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mq ∼ m
phys
u,d

[Kaiser, O.P., PoS LAT22]
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mπ ≈ 3.5− 4 MeV



Endpoint of 1.O. transition in lattice parameter space

Tricritical scaling observed in lattice bare parameter space

Allows extrapolation to lattice chiral limit, tricritical points 

If tricritical point exists: region of 1st-order transitions not connected to continuum

QCD chiral transition is second order for                                                                                                                                        
  
                                                            

crossover

1st

[Cuteri, O.P., Sciarra JHEP 21]
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  [Kuramashi et al. PRD 20]  

O(a) improved Wilson rescaled Staggered 
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Nf = 2− 7
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continuum limit



In progress: confirmation on finer lattices

   New                results confirm tricritical scaling!
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Nτ = 10 [Frankfurt, preliminary]

continuum limit



Alternative approach
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 Imaginary chemical potential

Repeat study of Columbia plot with
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µ = i 0.81πT/3 Same situation as
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µ = 0

[D’Ambrosio, Fromm, Kaiser, O.P.,  EPJC 26]No sign problem!

[Bonati et al., PRD 19]  
stout-smeared staggered 

[Bielefeld+Frankfurt, PRD 22]    
HISQ      

No sign of 1st-order phase transition!  

Consistent with DSE approach [Bernhardt, Fischer, PRD 23,  arXiv 25]                                                                                                                                
  
                                                            

<latexit sha1_base64="INEpYsL3ugTNAUGm6HWhlUEq8Ak=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU91VqSIIBS8eK/QLukvJptk2NMmuSbZQSn+HFw+KePXHePPfmLZ70OqDgcd7M8zMCxPOtHHdLye3srq2vpHfLGxt7+zuFfcPmjpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw7uZ3xpRpVks62ac0EDgvmQRI9hYKfBFesv8hKE6OrvoFktu2Z0D/SVeRkqQodYtfvq9mKSCSkM41rrjuYkJJlgZRjidFvxU0wSTIe7TjqUSC6qDyfzoKTqxSg9FsbIlDZqrPycmWGg9FqHtFNgM9LI3E//zOqmJroMJk0lqqCSLRVHKkYnRLAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLb/8lzTPy16lXHm4LFVvsjjycATHcAoeXEEV7qEGDSDwCE/wAq/OyHl23pz3RWvOyWYO4Recj28wBZEO</latexit>

µ = iπT/3
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µ = iπT/3



Crit. Endpoint: non-analytic chiral surface/line



Columbia plot with chemical potential
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µ

ms

mu,d

1
st

Crossover

○

physical point

�

Critical point not ruled out, but
requires additional critical surface

Class of low energy models now ruled out! 

Tuning of parameters for                       theory with critical point at             ! 
<latexit sha1_base64="7WPevyLs3ebsAzJsFyprwxEXyt4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIewGXxch6MWTRDAPSEKYnfQmQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuLj8WXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVNOnGgWXWDPcCGzGCmnoC2z4w9uJ33hCpXkkH80oxk5I+5IHnFFjpcZ9N7gun3rdQtEtuVOQReJlpAgZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1Jp+eOybFVeiSIlC1pyFT9PZHSUOtR6NvOkJqBnvcm4n9eKzHBVSflMk4MSjZbFCSCmIhMfic9rpAZMbKEMsXtrYQNqKLM2ITyNgRv/uVFUi+XvIvS+cNZsXKTxZGDQziCE/DgEipwB1WoAYMhPMMrvDmx8+K8Ox+z1iUnmzmAP3A+fwDsQY6o</latexit>

Nf = 2 + 1
<latexit sha1_base64="1ClWD1dP1lxWAxG2lM+sKZETeKg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nELwSh4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjulldW19Y3yZmVre2d3r7p/0NJxqgj1Scxj1QmxppxJ6htmOO0kimIRctoOx3e5336iSrNYPppJQgOBh5JFjGBjJb8n0lu3X625dXcGtEy8gtSgQLNf/eoNYpIKKg3hWOuu5yYmyLAyjHA6rfRSTRNMxnhIu5ZKLKgOstmxU3RilQGKYmVLGjRTf09kWGg9EaHtFNiM9KKXi/953dRE10HGZJIaKsl8UZRyZGKUf44GTFFi+MQSTBSztyIywgoTY/Op2BC8xZeXSeus7l3WLx7Oa42bIo4yHMExnIIHV9CAe2iCDwQYPMMrvDnSeXHenY95a8kpZg7hD5zPH1AEjlk=</latexit>

µ = 0

<latexit sha1_base64="j9qBOkMz5ybzFt7HcSA+X7ME/CQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48RzAOSJcxOepMhs7PrzKwYlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqLSPJb3ZpSgH9G+5CFn1Fip1ZH4ZJfobqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15cF6cd+dj1rrk5DMH8AfO5w9sH5A2</latexit>

@

[Stephanov, Rajagopal, Shuryak PRL 98]:

[Fig. modified from Sciarra, PhD thesis 16]



The chiral phase transition as a function of  
<latexit sha1_base64="CUkglGGNufR/VaeM1bR2OsZfGr0=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyEkMct6MWTRDQPSJYwO5lNhszOLjOzQgj5BC8eFPHqF3nzb5xNIqhoQUNR1U13lx8Lro3rfjiZtfWNza3sdm5nd2//IH941NZRoihr0UhEqusTzQSXrGW4EawbK0ZCX7COP7lM/c49U5pH8s5MY+aFZCR5wCkxVrq9HgSDfMEtuq6LMUYpwdWKa0m9XivhGsKpZVGAFZqD/Ht/GNEkZNJQQbTuYTc23owow6lg81w/0SwmdEJGrGepJCHT3mxx6hydWWWIgkjZkgYt1O8TMxJqPQ192xkSM9a/vVT8y+slJqh5My7jxDBJl4uCRCATofRvNOSKUSOmlhCquL0V0TFRhBqbTs6G8PUp+p+0S0VcKZZvyoXGxSqOLJzAKZwDhio04Aqa0AIKI3iAJ3h2hPPovDivy9aMs5o5hh9w3j4Ba+yN6g==</latexit>

Nf

[Cuteri, O.P., Sciarra, JHEP 21]

The chiral phase transition in the massless limit is likely second-order for all 
<latexit sha1_base64="R3FMhZgdOG1FeeFVNysYnlgOjgw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHiSivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjrhb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1Xvonp+f16pXedxFOEIjuEUPLiEGtxCHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MHHI6NrA==</latexit>

Nf

Order of the transition:
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FRG (Braun & Gies, 2006)
FRG (Braun et al., 2011)

LQCD (2+1 flavor) (Bazavov et al., 2014)

Temperature dependence:

For lattice, see  [Miura, Lombardo, NPB 13]

<latexit sha1_base64="X2W4WrO4Z9Soewy4dIcbqGhx4rM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaUUQCl48SQW3LbRLyabZNjTJLklWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYW19Y3OruF3a2d3bPygfHrV0nCpCfRLzWHVCrClnkvqGGU47iaJYhJy2w/HtzG8/UaVZLB/NJKGBwEPJIkawsZJ/349u6v1yxa26c6BV4uWkAjma/fJXbxCTVFBpCMdadz03MUGGlWGE02mpl2qaYDLGQ9q1VGJBdZDNj52iM6sMUBQrW9Kgufp7IsNC64kIbafAZqSXvZn4n9dNTXQVZEwmqaGSLBZFKUcmRrPP0YApSgyfWIKJYvZWREZYYWJsPiUbgrf88ippXVS9WrX2cFlpXOdxFOEETuEcPKhDA+6gCT4QYPAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AGUaONg==</latexit>

Nf = 7

done ?



Towards the conformal window,

What happens for Nf > 6?
Scenario 1 Scenario 2

Quark-Gluon 
Plasma

Hadronic
Phase

4/9

● 2nd order for all

●

● 2nd order turns into 1st order at 

●

Chiral transition in massless many-flavour QCDJan Philipp Klinger | Uni Frankfurt

Onset of conformal window Nf*:
                             [Braun, Gies 11] 
                             [Lombardo, Pallante, Deuzeman 13] 
                             [Hasenfratz et al. 23]

What is the value of        ?
<latexit sha1_base64="t70Nc8YsCL9NQfslyROOcJkZA6A=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRd8QtPBS+epILbFtq1ZNNsG5pklyQrlKW/wYsHRbz6g7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39xo6ThWhPol5rFoh1pQzSX3DDKetRFEsQk6b4fBm4jefqNIslg9mlNBA4L5kESPYWMm/60aPJ91yxa26U6BF4uWkAjnq3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQVZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iJpnFa9i+r5/Vmldp3HUYQDOIRj8OASanALdfCBAINneIU3RzovzrvzMWstOPnMPvyB8/kDN2WOSQ==</latexit>

N
∗

fWhat happens for Nf > 6?
Scenario 1 Scenario 2

Quark-Gluon 
Plasma

Hadronic
Phase

4/9

● 2nd order for all

●

● 2nd order turns into 1st order at 

●

Chiral transition in massless many-flavour QCDJan Philipp Klinger | Uni Frankfurt

Onset of conformal window Nf*:
                             [Braun, Gies 11] 
                             [Lombardo, Pallante, Deuzeman 13] 
                             [Hasenfratz et al. 23]

Motivation:  a)  “Conformalisation of nuclear matter” reported from neutron stars, eqn. of state   
                  b)  Physics beyond the Standard Model: “walking technicolour”, composite Higgs 
                  c)  IR conformality a la Alexandru, Horvath 

<latexit sha1_base64="8C6wor/WcoHJLN3V8Kk995SLlF4=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkmRtPUgBS+epIJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37hpK6jog4HHezPMzAsSzpS27Q9rZXVtfWOzsFXc3tnd2y8dHLZVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJOr3O/cU6lYLO70NKF+hEeChYxgbSTvZhBe1galsl2xDVwX5cSp244hjUa9Wm0gZ27ZdhmWaA1K7/1hTNKICk04Vqrn2In2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzYGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jkaMkmJ5lNDMJHM3IrIGEtMtMmnaEL4+hT9T9rViuNW3NvzcvNiGUcBjuEEzsCBGjThGlrgAQEGD/AEz5awHq0X63XRumItZ47gB6y3T3IQjnQ=</latexit>

Nf > 7

<latexit sha1_base64="Z89R8rt46nswqtlTSSJOd4WCbbc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIsgHkpSShXpoeDFk1SwH5DGstlu2qWb3bA7EUroz/DiQRGv/hpv/hu3bQ7a+mDg8d4MM/OCmDMNjvNt5dbWNza38tuFnd29/YPi4VFby0QR2iKSS9UNsKacCdoCBpx2Y0VxFHDaCcY3M7/zRJVmUjzAJKZ+hIeChYxgMJLnVup3/fDxou5W+8WSU3bmsFeJm5ESytDsF796A0mSiAogHGvtuU4MfooVMMLptNBLNI0xGeMh9QwVOKLaT+cnT+0zowzsUCpTAuy5+nsixZHWkygwnRGGkV72ZuJ/npdAeOWnTMQJUEEWi8KE2yDt2f/2gClKgE8MwUQxc6tNRlhhAialggnBXX55lbQrZbdWrt1XS43rLI48OkGn6By56BI10C1qohYiSKJn9IreLLBerHfrY9Gas7KZY/QH1ucPBZCPxg==</latexit>

12 < N
∗

f < 14 [Fodor et al.  18]



<latexit sha1_base64="Pw+UPKvWwyhxfrzh5ziyY970rUk=">AAAB/3icdVDLSgMxFM34rONrVHDjJlgEVyVTZWxdFXThsoJ9QFtLJs20ocnMkGTEMnbhr7hxoYhbf8Odf2OmraCiBy4czrmXe+/xY86URujDmptfWFxazq3Yq2vrG5vO1nZdRYkktEYiHsmmjxXlLKQ1zTSnzVhSLHxOG/7wLPMbN1QqFoVXehTTjsD9kAWMYG2krrNrt4Uf3abnLDBiwjWjanx91HXyqIAMPA9mxC0h15ByuVQslqE7sRDKgxmqXee93YtIImioCcdKtVwU606KpWaE07HdThSNMRniPm0ZGmJBVSed3D+GB0bpwSCSpkINJ+r3iRQLpUbCN50C64H67WXiX14r0UGpk7IwTjQNyXRRkHCoI5iFAXtMUqL5yBBMJDO3QjLAEhNtIrNNCF+fwv9JvVhwvYJ3eZyvnM7iyIE9sA8OgQtOQAVcgCqoAQLuwAN4As/WvfVovViv09Y5azazA37AevsEQzCWRw==</latexit>

Difficulties
3

Conformal window: no symmetry breaking in chiral limit m=0 at T=0

m=0 cannot be simulated

T=0 cannot be simulated,                                                                                            

Everything that can be simulated has finite m, T:                                                    
explicit symmetry breaking + transition to restored symmetry at higher T 
                                                            

<latexit sha1_base64="lDA2WGDVuDKwF51VsuDFH8IENl8=">AAAB+HicbVBNSwMxEM3Wr7p+dNWjl2ARPJVdkSqCUPDiSSrYD2hLyabZNjSbXZKJUJf+Ei8eFPHqT/HmvzFt96DVBwOP92aYmRemgmvw/S+nsLK6tr5R3HS3tnd2S97eflMnRlHWoIlIVDskmgkuWQM4CNZOFSNxKFgrHF/P/NYDU5on8h4mKevFZCh5xCkBK/W9knvb7wIx+KrLZQSTvlf2K/4c+C8JclJGOep977M7SKiJmQQqiNadwE+hlxEFnAo2dbtGs5TQMRmyjqWSxEz3svnhU3xslQGOEmVLAp6rPycyEms9iUPbGRMY6WVvJv7ndQxEF72My9QAk3SxKDICQ4JnKeABV4yCmFhCqOL2VkxHRBEKNivXhhAsv/yXNE8rQbVSvTsr1y7zOIroEB2hExSgc1RDN6iOGogig57QC3p1Hp1n5815X7QWnHzmAP2C8/ENxMeShA==</latexit>

Nτ = ∞

<latexit sha1_base64="osMRGLVSP4sRR+ua5ywadb8kYjU=">AAACCnicbVDLSsNAFJ34rPEVdelmtAiuSiJSRRAKblxWsA9oQrmZTtuhk0mYmQgldO3GX3HjQhG3foE7/8ZJm4W2HriXwzn3MnNPmHCmtOt+W0vLK6tr66UNe3Nre2fX2dtvqjiVhDZIzGPZDkFRzgRtaKY5bSeSQhRy2gpHN7nfeqBSsVjc63FCgwgGgvUZAW2krnNk+xzEgFPshyAzP1FskjdfztRrt+uU3Yo7BV4kXkHKqEC963z5vZikERWacFCq47mJDjKQmhFOJ7afKpoAGcGAdgwVEFEVZNNTJvjEKD3cj6UpofFU/b2RQaTUOArNZAR6qOa9XPzP66S6fxlkTCSppoLMHuqnHOsY57ngHpOUaD42BIhk5q+YDEEC0SY924TgzZ+8SJpnFa9aqd6dl2tXRRwldIiO0Sny0AWqoVtURw1E0CN6Rq/ozXqyXqx362M2umQVOwfoD6zPH4/hmiw=</latexit>

→ψ̄ψ↑ = 0
<latexit sha1_base64="K5o8+9Med8oISnK/und51824Rtg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclUSkiquCG5cV7AOaUCbTm3boZBJnJkIJ/QI3/oobF4q4de3Ov3HSZqGtB+7lcM69zNwTJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VZxKCi0a81h2A6KAMwEtzTSHbiKBRAGHTjC+zv3OA0jFYnGnJwn4ERkKFjJKtJH6drXscSKGHLAXEJl5iWLTvHmyUAXcY6dvV5yaMwNeJm5BKqhAs29/eYOYphEITTlRquc6ifYzIjWjHKZlL1WQEDomQ+gZKkgEys9m50xx1SgDHMbSlNB4pv7eyEik1CQKzGRE9Egtern4n9dLdXjpZ0wkqQZB5w+FKcc6xnk2eMAkUM0nhhAqmfkrpiMiCdUmwbIJwV08eZm0z2puvVa/Pa80roo4SugYnaBT5KIL1EA3qIlaiKJH9Ixe0Zv1ZL1Y79bHfHTFKnaO0B9Ynz+kRpvX</latexit>

→ψ̄ψ↑ ↓= 0



Obstacle: an unphysical bulk phase + transition

Conformal Window

Phase transition at strong gauge coupling, i.e. small

Independent of                                 lattice artefact, not connected to continuum
<latexit sha1_base64="YYyc1Bz6JSwIHbpmf5n55dluixM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FL56kgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDP1W09cG6HiBxwn3I/oIBahYBSt1LzrdZGmvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnIk5S5DGbLwpTSVCR6eukLzRnKMeWUKaFvZWwIdWUoQ2oaEPwFl9eJs3ziletVO8vyrXrPI4CHMMJnIEHl1CDW6hDAxg8wjO8wpujnBfn3fmYt644+cwR/IHz+QN1co8M</latexit>

Nτ

<latexit sha1_base64="BczpGaxats1Mjj8U2Ex1/nOyA8w=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxOBBAl48SQTzwGQJs5NJMmR2dpnpFcKSv/DiQRGv/o03/8ZJsgeNFjQUVd10dwWxFAZd98vJrayurW/kNwtb2zu7e8X9g6aJEs14g0Uy0u2AGi6F4g0UKHk71pyGgeStYHw981uPXBsRqXucxNwP6VCJgWAUrfRw2+siTcgVqfaKJbfszkH+Ei8jJchQ7xU/u/2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3hKTqzSJ4NI21JI5urPiZSGxkzCwHaGFEdm2ZuJ/3mdBAdVPxUqTpArtlg0SCTBiMzeJ32hOUM5sYQyLeythI2opgxtSAUbgrf88l/SPCt7lXLl7rxUu8ziyMMRHMMpeHABNbiBOjSAgYIneIFXxzjPzpvzvmjNOdnMIfyC8/ENJ3SP6g==</latexit>

Nτ > 8

Happens because                      approaches zero at too small  

<latexit sha1_base64="J3CYMuVuxuwAu2hFN9FgvgD86Qw=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBU0lEqghCwYsnqdAvaELYbDft0s0m7G6EEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEUals+9sora1vbG6Vtys7u3v7B+bhUVfGqcCkg2MWi36AJGGUk46iipF+IgiKAkZ6weR25vceiZA05m2VJcSL0IjTkGKktOSb1faNGwqEc2eao3vfVSid+mbNrttzWKvEKUgNCrR888sdxjiNCFeYISkHjp0oL0dCUczItOKmkiQIT9CIDDTlKCLSy+fHT61TrQytMBa6uLLm6u+JHEVSZlGgOyOkxnLZm4n/eYNUhVdeTnmSKsLxYlGYMkvF1iwJa0gFwYplmiAsqL7VwmOks1A6r4oOwVl+eZV0z+tOo954uKg1r4s4ynAMJ3AGDlxCE+6gBR3AkMEzvMKb8WS8GO/Gx6K1ZBQzVfgD4/MHrX2Uyg==</latexit>

T =
1

aNτ

<latexit sha1_base64="YYyc1Bz6JSwIHbpmf5n55dluixM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FL56kgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDP1W09cG6HiBxwn3I/oIBahYBSt1LzrdZGmvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnIk5S5DGbLwpTSVCR6eukLzRnKMeWUKaFvZWwIdWUoQ2oaEPwFl9eJs3ziletVO8vyrXrPI4CHMMJnIEHl1CDW6hDAxg8wjO8wpujnBfn3fmYt644+cwR/IHz+QN1co8M</latexit>

Nτ

<latexit sha1_base64="jfSVfPgx2tHtxvxA1Yq0RJb/LW8=">AAACAnicbVDLSsNAFL3xWesr6krcBItQNyUpUkUQCm5cVrAPaGKZTCft0MkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDCmXPuZe49fsyoVLb9bSwtr6yurRc2iptb2zu75t5+S0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Hritx+IkDTid2ocEy9EA04DipHSUs88dH2iUBmdXrmBQDitZengvqrfWc8s2RV7CmuRODkpQY5Gz/xy+xFOQsIVZkjKrmPHykuRUBQzkhXdRJIY4REakK6mHIVEeun0hMw60UrfCiKhiytrqv6eSFEo5Tj0dWeI1FDOexPxP6+bqODCSymPE0U4nn0UJMxSkTXJw+pTQbBiY00QFlTvauEh0lEonVpRh+DMn7xIWtWKU6vUbs9K9cs8jgIcwTGUwYFzqMMNNKAJGB7hGV7hzXgyXox342PWumTkMwfwB8bnD7QnllY=</latexit>

β(a) =
6

g2(a)

T=0  lattice phase diagram

[Kaiser, Klinger, O.P., Schaible, PoS LAT 25]



Latest numerical results
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Nf = 6

Continuum limit of 2.O. chiral transition exists
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a → 0

β(a) → ∞

Nτ → ∞

No chiral transition exists in continuum!

Our results suggest:                          

to be proven with some larger  
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∗
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Effective d.o.f.:  from spectral functions

CΓ(τ,p) =

Z
∞

0

dω

2π
K(τ,ω)ρΓ(ω,p) ,

K(τ,ω) =
cosh(ω(τ � 1/2T ))

sinh(ω/2T )
.

Usual starting point: 

temporal lattice correlators

[Asakawa, Hatsuda, Nakahara, PPNP 01
                           Meyer, PoS INPC 16
            Spriggs et al., EPJ Web Conf. 22
                                …                      ]          

Inversion problem on finite number of data points not well-defined 

Statistical approaches to find “most likely” spectral function: 
 
Maximum entropy and other Bayesian methods, Backus-Gilbert method,….

Provide constraints/bias by analytic results, models, … 

Reviews: 
  



J. Bros + D. Buchholz:

Rigorous result:   see also [Nair, Pisarski PRD 25]

flPSpp0, p̨q “

ª

8

0

ds

ª

d3ų

p2fiq2
‘pp0q ”

`
p2

0 ´ pp̨ ´ ųq2 ´ s
˘ rDβpų, sq

Exact, goes to Källen-Lehmann representation for 
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T → 0 thermal spectral density

C
s

PS
(z) =

1

2

π ∞

0

ds

π ∞

|z |

dR e
−R

√
s
Dβ(R, s).

Relation between spatial correlators and thermal spectral density

[Lowdon, O.P.,  JHEP 22 ]

Spectral functions from “0th principles”

Axiomatic analyticity properties and representations of particles in finite T QFT,                
Ann.  Inst. Poincare Phys. Theor. 96

Towards a relativistic KMS condition, NPB 94

Asymptotic dynamics of thermal quantum fields, NPB 02

finite T QFT a la Wightman 



[D. Buchholz, in 
“Workshop on Math. Phys towards the 21st centrury” 1993]5 Thermoparticles

Let us turn now to the analysis of the particle-like constituents of thermal equi-
librium states. As will become clear, these entities have to be distinguished from
quasiparticles, describing the collective excitations of thermal states, and also
from the other particle structures analyzed so far. We therefore propose to call
them thermoparticles.10

 

 

             

“Damping factor” Continuous component 

Causes T= 0 mass 

pole m to be screened 

by thermal e+ects 

Fixes T-dependence 

of continuous spectral 

contributions   

m

Peak broadening 

controlled by Dm,β(u) 
~

[slide by P. Lowdon]

Thermoparticle component

Dominantes asymptotic times
Multi-particle, collective,
Landau damping



Dominance of particle states at low T

CV pp, T q “ p1 ´ ‘qCV pp, 0q ` ‘CApp, 0q

CApp, T q “ p1 ´ ‘qCApp, 0q ` ‘CV pp, 0q

Vector+axial vector correlators in the chiral limit using PCAC, ‘ “ T 2{p6f2
πq al

[Dey, Eletsky, Ioffe PLB 90]

Vacuum pole structure of correlators reflected in finite T correlators

General spectral decomposition of spatial correlators with eigenstates of H

Vacuum states still dominant for low temperatures

CΓ(⌧, ~x) =
1

Z

X

m,n

|hm|OΓ(0, ~x)|ni|
2 e−τEne−(β−τ)Em ,



The pion spectral function from spatial correlators

Ca
PSpx3q “

1

N

ª 8

´8
dx1

ª 8

´8
dx2

ª

β

2

´ β

2

d· xΩβ|Oa
PSp·, x̨qOa :

PS
p0q|ΩβyLattice input:

[Rohrhofer et al., PRD 19]

CPSpx3q “ Ae´mscr

π
x3 ` Ae´mscr

π
pL´x3q ` Be

´mscr

π
˚

x3 ` Be
´mscr

π
˚

pL´x3q

Excellent two-expontential fits (sceening masses) obtained for entire range, all T:

[Lowdon, O.P. JHEP 22]Data from:



Damping factors for pion + first excitation:
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Dm
π
(∗) ,β = απ(∗)e

−γ
π
(∗)x3

These generate the spatial correlators

Cpx3q “
ÿ

i“fi,fi˚

Cipx3q , Cipx3q “
–i

2pmi ` “iq
e´pmi`“iq|x3|,

Analytic relation between screening masses, vacuum masses and damping parameters:

mscr
i pT q “ mi ` “ipT q, i “ fi, fi˚.

Check zero temperature limit:

Ñ

Cipx3q
T Ñ0
ÝÑ

–ipT “ 0q

2mi

e´mi|x3|

massive particle to the zero temperat

Damping parameters must vanish, Lorentz invariance restored!



From damping factors to spectral functions

Dβpx̨, sq “ Dmπ ,βpx̨q ”ps ´ m2

πq ` Dm
π

˚ ,βpx̨q ”ps ´ m2

π˚q,

Continuum contributions neglected (no multi-particle scattering states, Landau damping)

:“ flPSpÊ, p̨ “ 0q,
»

p q “ p “ q

q “ ‘pÊq

»

–◊pÊ2 ´ m2

πq
4 –π “π

a

Ê2 ´ m2
π

pÊ2 ´ m2
π ` “2

πq2
` ◊pÊ2 ´ m2

π˚q
4 –π˚ “π˚

b

Ê2 ´ m2

π˚

pÊ2 ´ m2

π˚ ` “2

π˚q2

fi

fl

(3.12)
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Rohrhofer et al., Phys. Lett. B802 (2020)

spectral function predict temporal correlator, compare with data 
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m
−1

π
∗

asymmetric!



Comparison thermoparticle vs. plasmon ansatz
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⇢PS(!, p = 0) = ✏(!)

2666664

✓(!2 − m
2
π)

4↵π �π
p
!2 − m2

π

(!2 − m2
π + �

2
π)

2
+ ✓(!2 − m

2
π∗)

4↵π∗ �π∗

q
!2 − m2

π∗

(!2 − m2
π∗ + �

2
π∗)2

3777775

.

(12)

Perturbative plasmon: Breit-Wigner 

ρBW
PS

(ω, p = 0) =
4απωΓπ

(ω2
− m

2
π
− Γ

2
π
)2 + 4ω2Γ

2
π

+

4α∗
π
ωΓπ∗

(ω2
− m

2
π
∗ − Γ

2
π
∗)2 + 4ω2Γ

2
π
∗

ansatz can be fitted equally well to the spatial correlator at 220 MeV, but in this

Bros+Buchholz 

Both fit spatial correlator

Predicted temporal correlators, compared with data:



Thermoparticle damping          Breit-Wigner width

G̃π
β(k0, εp) =

ϑ

|εp|2 − k2
0
+m2

π + ϖ2
π + 2ϖ

√
m2

π − k2
0

.
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→=

Breit-Wigner:   describes unstable resonance in vacuum, Lorentz frame independent!

Thermoparicle:  describes thermally modified stable particle, does NOT decay, 
                        frame dependent
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Γ real time decay width 
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γ thermal damping, modifies spatial decay 

Thermoparticle propagator:
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k0 = p0 ± iω

Not dominated by simple poles, instead: branch points!
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Same analysis for other pseudo-scalars

[Bala, Kaczmarek, Lowdon, O.P., Ueding, JHEP 24]

 HISQ sea + domain wall valence quarks, physical masses on
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64
3
× 16

Goal: analyse all scalar and pseudo-scalar correlators, here:         - channel (Kaon)
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Nf = 2 + 1
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l̄s

Increasing momentum:

Approximation deteriorates, continuum states increasingly important!
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Thermoparticle check: massive    -theory 
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[Lowdon, O.P. , JHEP 24]

Works even better than in QCD:  simpler spectrum!

Works better than thermal perturbation theory in a fully perturbative theory!

General validity of thermoparticle picture, independent of theory!

Physics: scattering states/Landau damping suppressed for     
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Does QCD deconfine across the chiral crossover ?
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Special case m=0: Goldstone bosons

CG(0, ωx) =
coth

(

ω|εx|
ϑ

)

4εϑ|ωx|
ϖ e−ϖ|εx|.)

T→0
↓↓↓↔

φ0

4ϱ2|εx|2
ϱG(ς, ωp) =

4ϖςφ

(ς2
− |ωp|2 − φ2)2 + 4ς2φ2

.

[Bros, Buchholz, PRD 98]

[Lowdon, O.P. , JHEP 25]Lattice test in complex U(1)        theory      
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I. Broken phase



Accuracy of correlators
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II. Symmetric phase



Thermal symmetry restoration by damping

− | |

Cc(0, ωx) =
coth

(

ϱ|ϑx|
ς

)

4εϑ|ωx|
DG

ς (ωx), DG
ς (ωx) ≈

{

1, Nϖ = 8, 16, 32

e−φ|ϑx|, Nϖ = 2, 4, 6

Change of dynamics is an effect of the medium           encoded in damping factor!  
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Conclusions

Chiral phase transition second order up to the conformal window   

Order of chiral phase transition independent of imag. chemical potential 

Thermoparticles dominate correlators at low T                                                    

Goldstone boson visible on both sides of phase transition

Symmetry breaking determined by damping of Goldstone mode                   
Does             matter for QCD?
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